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Abstract
In this paper, we show several new generalized and sharpened versions of Acze´l’s inequality and Popoviciu’s inequality, our
results contain as special cases the improvement of certain known results on Acze´l’s inequality and Popoviciu’s inequality. As
application, an integral inequality of Acze´l–Popoviciu type is obtained.
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1. Introduction
The famous Acze´l’s inequality states that if ai , bi (i = 1, 2, . . . , n) are positive numbers such that a21−
∑n
i=2 a2i > 0
or b21 −
∑n



















Inequality (1) was presented by Acze´l [1] in 1956, an account on the history of Acze´l’s inequality can be found
in the monograph [2, p. 57]. As is well-known, Acze´l’s inequality has many applications in the theory of functional
equations in non-Euclidean geometry. Due to the importance of Acze´l’s inequality, this inequality has been given
considerable attention by mathematicians and has motivated a large number of research papers involving different
proofs, various generalizations, improvements and applications (see [2–13] and the references therein).
One of the most important results in the references mentioned above is the exponential generalization of Acze´l’s
inequality due to Popoviciu [13] asserted by Theorem A.











i > 0. Then
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In 2005, Wu and Debnath [14] generalized Popoviciu’s inequality in the following form:





























ai j . (3)
In a recent paper [15], Wu established a sharpened version of Popoviciu’s inequality as follows:













































In this paper, we give several new generalized and sharpened versions of Acze´l’s inequality and Popoviciu’s
inequality, it will be shown that our results contain as special cases the inequalities asserted respectively
by Theorems B and C. Finally, the obtained results will be applied to establishing an integral inequality of
Acze´l–Popoviciu type.
2. A set of lemmas
In order to prove the main results in Section 3, we need the following lemmas.
Lemma 1 (Generalized Ho¨lder inequality [2, p.52]). Let ai j > 0, λ j ≥ 0 (i = 1, 2, . . . , n, j = 1, 2, . . . ,m), and















i j , (5)
with equality holding if and only if a11a1 j =
a21
a2 j
= · · · = an1anj ( j = 2, 3, . . . ,m) and λ1 + λ2 + · · · + λm = 1.
Lemma 2. Let 0 ≤ x < 1, α > 0. Then
(1− x) 1α ≤ 1− x
max{α, 1} , (6)
with equality holding if and only if α = 1 or x = 0.
Proof. When α = 1 or x = 0, (6) is an identity. When α > 1, which implies 0 < 1
α
< 1. Then it follows from
Bernoulli’s inequality [2, p. 34] that (1 − x) 1α < 1 − x
α
for all x ∈ (0, 1). When 0 < α < 1, it implies that 1
α
> 1.
We have (1 − x) 1α < 1 − x for all x ∈ (0, 1), since the function f (x) = ax (0 < a < 1) is strictly decreasing on
(−∞,+∞). Inequality (6) is proved. 








(a j − ak)2, (7)
with equality holding if and only if a1 + a2 + · · · + am = 0.
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Proof. Inequality (7) follows directly from the well-known Lagrange identity [16, p. 3]:
∑
1≤ j<k≤m




















1− x p jj
) 1
p j ≤ 1− 1















with equality holding if and only if x p11 = x p22 = · · · = x pmm and 1p1 + 1p2 + · · · + 1pm = 1.














)) 1(m−1)pi (x p jj + (1− x p jj )) 1(m−1)p j − 1(m−1)pi ] .
From the assumptions in Lemma 4, it is easy to verify that
1
(m − 1)pi > 0,
1
(m − 1)p j −
1




(m − 1)pi +
1
(m − 1)pi +
1









(m − 1)pi +
1






+ · · · + 1
pm
≥ 1.




































(1− x p jj )
1
(m−1)pi (1− x pii )
1



















(1− x pii )
1











1− x p jj
) 1
p j . (10)










, we then deduce from




























































































x pii − x
p j
j
)2] m2p1 ≤ 1− 2

































)) 1(m−1)pi (x p jj + (1− x p jj )) 1(m−1)p j − 1(m−1)pi ]
≤ 1− 1
























where the last identity follows from Lagrange identity (8).
Combining inequalities (10) and (12) yields inequality (9). In addition, from Lemmas 1 and 2 we can easily deduce
that the equalities occur in (10)–(12) simultaneously if and only if x p11 = x p22 = · · · = x pmm and
∑m
j=1 1p j = 1, which
leads us to the condition of equality in (9). The proof of Lemma 4 is complete. 
Lemma 5. Let p1, p2, . . . , pm be positive real numbers, 1p1 + 1p2 + · · · + 1pm ≥ 1, 0 < x j < 1 ( j = 1, 2, . . . ,m),







1− x p jj
) 1
p j ≤ 1− 1






j − x pkk
)2
, (13)
with equality holding if and only if x p11 = x p22 = · · · = x pmm and 1p1 + 1p2 + · · · + 1pm = 1.
Proof. After rearranging, we denote by pi1 ≥ pi2 ≥ · · · ≥ pim the component of p1, p1, . . . , pm in decreasing order,
where i1, i2, . . . , im , is a permutation of 1, 2, . . . ,m.
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1− x p jj
) 1




















































j − x pkk
)2
. 
Inequality (13) is proved. The condition of equality in (13) follows immediately from Lemma 4.
3. Improvement of Acze´l’s inequality and Popoviciu’s inequality






























− a11a12 · · · a1m






































( j = 2, 3, . . . ,m) and 1p1 + 1p2 + · · · + 1pm = 1.


















p j < 1 ( j = 1, 2, . . . ,m).











































































which is equivalent to the following inequality:




























− a11a12 · · · a1m


















































i j ) ( j = 2, 3, . . . ,m) and
∑m
j=1 1p j = 1.
















ai j , (16)



















( j = 2, 3, . . . ,m) and∑mj=1 1p j = 1.
Combining inequalities (15) and (16) leads to the desired inequality (14). By the conditions of equality in (15) and



















( j = 2, 3, . . . ,m) and∑m
j=1 1p j = 1. This completes the proof of Theorem 1. 
Note that when 1p1 + 1p2 + · · · + 1pm = 1, it implies that max{p1, p2, . . . , pm} ≥ m, then we have
max{p1, p2, . . . , pm} > m/2. We obtain immediately from Theorem 1 the following result:





























ai j − a11a12 · · · a1m






































( j = 2, 3, . . . ,m).
In particular, putting m = 2, p1 = p, p2 = q , ai1 = ai , ai2 = bi (i = 1, 2, . . . , n) in Theorem 1 gives the main
result of the previous paper [15], i.e.,




















































= · · · = a pn
bqn
and 1p + 1q = 1.
In Theorem 2, we give a generalization of Popoviciu’s inequality under the assumption 1p1 + 1p2 + · · · + 1pm < 1.
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− a11a12 · · · a1m



















Equality holds in (19) if and only if a
p j
1 j /n = a
p j
2 j = a
p j
3 j · · · = a
p j
nj ( j = 1, 2, . . . ,m).























− a11a12 · · · a1m+1

























i j > 0, p j > 0, ai j > 0 (i = 1, 2, . . . , n, j = 1, 2, . . . ,m + 1).





































































































































































− a11a12 · · · a1m+1



















Now, putting a pm+11 m+1 = 1, a pm+12 m+1 = a pm+13 m+1 = · · · = a pm+1n m+1 = 1n , 1pm+1 = 1− 1p1 − 1p2 − · · · − 1pm into inequality
(21), we get






























ai j − a11a12 · · · a1m



















which leads to the desired inequality (19). 
By combining Theorems 1 and 2, we get a very general result on the improvement of Acze´l–Popoviciu inequality,
as follows:



















































(m − 1)max{p1, p2, . . . , pm ,m/2} for ρ ≥ 1,
nρ−1m2(m − 1)−1 max{p1, p2, . . . , pm , (1− ρ)−1} for ρ < 1.
It is obvious that inequality (22) is a unified improvement of the inequalities asserted respectively by Theorems B
and C.
4. An integral inequality of Acze´l–Popoviciu type
As application of the above results, we establish here an interesting integral inequality of Acze´l–Popoviciu type.
Theorem 4. Let p1, p2, . . . , pm be positive real numbers, 1p1 + 1p2 + · · · + 1pm = 1, B j > 0 ( j = 1, 2, . . . ,m), and




j (x)dx > 0 for all j = 1, 2, . . . ,m,

























− B1B2 · · · Bm




















Proof. For any positive integer n, we choose an equidistant partition of [a, b] as
a < a + b − a
n
< · · · < a + b − a
n
i < · · · < a + b − a
n
(n − 1) < b,
∆xi = b − an , i = 1, 2, . . . , n.





















> 0 ( j = 1, 2, . . . ,m),
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> 0 for all n > N and j = 1, 2, . . . ,m.








































pm − B1B2 · · · Bm





































































− B1B2 · · · Bm











































/B pmm for all i = 1, 2, . . . , n.
In view of the hypotheses that f1, f2, . . . , fm are positive Riemann integrable functions on [a, b] and p j > 0 ( j =
1, 2, . . . ,m), we conclude that
∏m
j=1 f j and f
p j
j ( j = 1, 2, . . . ,m) are also integrable on [a, b]. Passing the limit as
n →∞ in both sides of inequality (24), we obtain inequality (23). The proof of Theorem 4 is complete. 
As a consequence of Theorem 4, putting m = 2, p1 = p, p2 = q, B1 = A, B2 = B, f1 = f , f2 = g in (23), we
obtain the following result:
Corollary 3. Let p > 0, q > 0, 1p + 1q = 1, A > 0, B > 0, and let f , g be positive Riemann integrable functions
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